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Inspired by the teleparallel formulation of General Relativity, whose Lagrangian is the torsion
invariant T , we have constructed the teleparallel equivalent of Gauss-Bonnet gravity in arbitrary
dimensions. Without imposing the Weitzenbo¨ck connection, we have extracted the torsion invariant
TG, equivalent (up to boundary terms) to the Gauss-Bonnet term G. TG is constructed by the
vielbein and the connection, it contains quartic powers of the torsion tensor, it is diffeomorphism
and Lorentz invariant, and in four dimensions it reduces to a topological invariant as expected.
Imposing the Weitzenbo¨ck connection, TG depends only on the vielbein, and this allows us to
consider a novel class of modified gravity theories based on F (T, TG), which is not spanned by the
class of F (T ) theories, nor by the F (R,G) class of curvature modified gravity. Finally, varying the
action we extract the equations of motion for F (T, TG) gravity.
PACS numbers: 04.50.Kd, 98.80.-k, 95.36.+x
I. INTRODUCTION
The central foundation of Einstein’s gravitational ideas
is that gravity is described through geometry. In his first
complete gravitational theory, General Relativity (GR),
he made the additional assumption that geometry should
be described only by curvature, setting torsion to zero,
along with vanishing non-metricity [1]. Technically, this
is achieved by assuming the connection to be symmetric
in coordinate frame, that is using the Levi-Civita connec-
tion. In this framework one can construct the curvature
(Riemann) tensor which carries all the information of the
geometry, and thus of the gravitational field too, and
then, by suitable contractions the simplest (Ricci) scalar
R can be constructed, which contains up to second-order
derivatives in the metric. This Ricci scalar is exactly the
Einstein-Hilbert Lagrangian, whose action gives rise to
the Einstein field equations through variation in terms of
the metric.
However, some years later, it was Einstein himself that
realized that the same gravitational equations could arise
by a different geometry, characterized not by curvature
but by torsion [2]. Technically, this is achieved by as-
suming that the antisymmetric piece of the connection
is not vanishing, that is using the Weitzenbo¨ck connec-
tion. In this framework, one can construct the torsion
tensor, which carries all the information of the geometry
and therefore of the gravitational field, and then simple
scalars can be constructed which contain up to first-order
vierbein derivatives. Finally, one can take a specific com-
bination of these scalars and define the “torsion” scalar
T , which will be used as the gravitational Lagrangian,
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demanding its action to give rise to the Einstein gravi-
tational field equations through variation in terms of the
vierbein. Since these equations coincide with those of
General Relativity, Einstein called this alternative for-
mulation “Teleparallel Equivalent of General Relativity”
(TEGR).
On the other hand, the non-renormalizability of Gen-
eral Relativity, string theory consequences, and the need
to describe the universe acceleration, led a huge amount
of research towards the modification of gravity at the
classical level. Using General Relativity as the starting
theory, the simplest modification is to generalize the ac-
tion using arbitrary functions of the Ricci scalar, result-
ing to the so-called F (R) modified gravity [3, 4], which
has the advantage of being ghost free. However, one
can construct more complicated generalizations of the
Einstein-Hilbert action by introducing higher-curvature
corrections, such as the Gauss-Bonnet term G [5–7] or
functions of it [7, 8], Lovelock combinations [9, 10],
Weyl combinations [11], or higher spatial-derivatives as
in Horˇava-Lifshitz gravity [12].
Hence, a question that arises naturally is the follow-
ing: can we modify gravity starting from TEGR instead
of General Relativity, that is from its torsional formula-
tion? For the moment, and inspired by the F (R) modifi-
cation of General Relativity, only the simplest such tor-
sional modification exists, namely the F (T ) paradigm,
in which one extends the teleparallel Lagrangian T to an
arbitrary function F (T ) [13, 14]. Interestingly enough,
although TEGR coincides with General Relativity at the
level of equations of motion, F (T ) does not coincide with
F (R), so F (T ) is a novel class of gravitational modifica-
tion with no (known) equivalent curvature description.
This feature led to a detailed investigation of its cosmo-
logical implications [13–16] and black-hole behavior [17].
In this work, we are interested in extending the mod-
ification of TEGR inserting higher-order torsion invari-
2ants. In particular, inspired by the Gauss-Bonnet (GB)
modification of General Relativity, we first construct the
Teleparallel Equivalent of Gauss-Bonnet term (TEGB)
by finding its “torsion” equivalent TG, which gives the
GB field equations. Then, we use it in order to formu-
late a modification of TEGR. As a result, the modifica-
tion of TEGR plus the TEGB term does not coincide
with the modification of GR plus the GB term, so it is a
novel modification of gravity with no (known) curvature
formulation.
The plan of the work is as follows: In section II we
review the teleparallel formulation of GR in both the co-
ordinate and the differential form language. In section III
we find the teleparallel equivalent of GB gravity, while in
section IV we derive the equations of motion for the gen-
eral F (T, TG) theory. Finally, a summary of the obtained
results is given in section V of conclusions.
II. CONSTRUCTION OF TELEPARALLEL
EQUIVALENT OF GENERAL RELATIVITY
In this section we present the construction of Telepar-
allel Equivalent of General Relativity. We follow
the detailed and conceptually more enlightening way
of construction, starting from an arbitrary connection
with vanishing curvature and not restricted to the
Weitzenbo¨ck one [18–20]. The benefit of this is that the
quantities defined are both Lorentz and diffeomorphism
invariants. In the same spirit we continue in the next sec-
tion with the procedure of constructing the Teleparallel
Equivalent of the Gauss-Bonnet combination. As usual,
in the end we focus on the Weitzenbo¨ck connection.
In the whole manuscript we use the following nota-
tion: Greek indices µ, ν,... run over all coordinates of
D-dimensional space-time 1, 2, ..., D, while Latin indices
a, b,... run over the tangent space 1, 2, ..., D. Note that
we perform the analysis both in the coordinate and the
form languages. Although in the f(T ) literature the for-
mer is preferred, going to more complicated expressions,
such as the Gauss-Bonnet term, the latter proves much
more convenient.
A. Construction of TEGR in coordinate language
The dynamical variables in torsional formulation of
gravity are the vielbein field ea(x
µ), and the connection
1-forms ωab(x
µ) which defines the parallel transportation.
In terms of coordinates, they can be expressed in com-
ponents as ea = e
µ
a ∂µ and ω
a
b = ω
a
bµdx
µ = ωabce
c. The
dual vielbein is defined as ea = eaµdx
µ. One can express
the commutation relations of the vielbein as
[ea, eb] = C
c
abec , (1)
where Ccab are the structure coefficients functions given
by
Ccab = e
µ
a e
ν
b (e
c
µ,ν − e
c
ν,µ) , (2)
and comma denotes differentiation.
One can now define the torsion tensor, expressed in
tangent components as
T abc = ω
a
cb − ω
a
bc − C
a
bc , (3)
and in “mixed” ones as
T aµν = e
a
ν,µ − e
a
µ,ν + ω
a
bµe
b
ν − ω
a
bνe
b
µ . (4)
Similarly, one can define the curvature tensor as
Rabcd= ω
a
bd,c − ω
a
bc,d + ω
e
bdω
a
ec − ω
e
bcω
a
ed − C
e
cdω
a
be
Rabµν= ω
a
bν,µ − ω
a
bµ,ν + ω
a
cµω
c
bν − ω
a
cνω
c
bµ . (5)
Thus, as one can see from (4) and (5), although the tor-
sion tensor depends on both the vielbein and the con-
nection, that is T aµν(e
a
µ, ω
a
bµ), the curvature tensor de-
pends only on the connection, namely Rabµν(ω
a
bµ).
Additionally, there is an independent object which
is the metric tensor g. This allows us to make the
vielbein orthonormal g(ea, eb) = ηab, where ηab =
diag(−1, 1, ...1), and we have the relation
gµν = ηab e
a
µ e
b
ν . (6)
Indices a, b, ... are raised/lowered with the Minkowski
metric ηab. Finally, throughout the work we impose zero
non-metricity, i.e. ηab|c = 0, which means ωabc = −ωbac,
where | denotes covariant differentiation with respect to
the connection ωabc.
As it is well known, amongst the infinite connec-
tion choices there is only one that gives vanishing tor-
sion, namely the Christoffel or Levi-Civita one Γab, with
Γabc =
1
2 (Ccab −Cbca −Cabc), or inversely Cabc = Γacb −
Γabc. For clarity, we denote the curvature tensor corre-
sponding to the Levi-Civita connection as R¯abcd. The
arbitrary connection ωabc is then related to the Christof-
fel connection Γabc through the relation
ωabc = Γabc +Kabc , (7)
where
Kabc =
1
2
(Tcab − Tbca − Tabc) = −Kbac (8)
is the contorsion tensor. Inversely, one can straightfor-
wardly find that Tabc = Kacb − Kabc, while the “mixed”
contorsion components write as Kaµν = −
1
2 (T
a
µν +
T bµλebνe
aλ + T bνλebµe
aλ), that is Kaµν(e
a
µ, ω
a
bµ).
As long as the vielbein eaµ and the connection ω
a
bµ re-
main independent from each other, the Einstein-Hilbert
Lagrangian density eR (with R = eaµebνRabµν the Ricci
scalar and e = det (eaµ) =
√
|g|) is a function of
eaµ, ω
a
bµ, and thus a first-order formulation is needed.
If we now calculate the Ricci scalar R corresponding
to the arbitrary connection, and the Ricci scalar R¯ cor-
responding to the Levi-Civita connection, they are found
3to be related through
eR = eR¯+
1
4
e
(
T µνλTµνλ + 2T
µνλTλνµ − 4T
νµ
ν T
λ
λµ
)
−2(eT νµν ),µ
= eR¯+ eT − 2(eT νµν ),µ , (9)
where we have defined
T =
1
4
T µνλTµνλ +
1
2
T µνλTλνµ − T
νµ
ν T
λ
λµ. (10)
Since e−1(eT νµν ),µ = T
νµ
ν ;µ, where ; denotes covariant
differentiation with respect to the Christoffel connection,
equation (9) is also written as
R = R¯+ T − 2T νµν ;µ . (11)
We mention that the quadratic quantity T is diffeomor-
phism invariant since Tµνλ is a tensor under coordinate
transformations. Additionally, T is local Lorentz invari-
ant, since Tabc is a Lorentz tensor.
One can now introduce the concept of teleparallelism
by imposing the condition of vanishing Lorentz curvature
Rabcd = 0, (12)
which holds in all frames. One way to realize this con-
dition is by assuming the Weitzenbo¨ck connection ω˜λµν
which is defined in terms of the vielbein e µa in all coor-
dinate frames as
ω˜λµν = e
λ
a e
a
µ,ν . (13)
Due to its inhomogeneous transformation law this con-
nection has tangent-space components ω˜abc = 0, and
then, the corresponding curvature components are indeed
R˜abcd = 0 (tildes denote the quantities calculated using
the Weitzenbo¨ck connection). Note that e µ
a |ν = 0, and
thus the vielbein e µa is autoparallel with respect to the
connection ω˜λµν . The corresponding torsion tensor is re-
lated to the structure coefficients, the contorsion tensor
or the Weitzenbo¨ck connection, through
T˜ aµν = e
a
ν,µ − e
a
µ,ν = −C
a
bce
b
µe
c
ν (14)
T˜ abc = −C
a
bc = K˜
a
cb − K˜
a
bc (15)
T˜ λµν = ω˜
λ
νµ − ω˜
λ
µν , (16)
while (7) simplifies to
Γabc = −K˜abc. (17)
Now inserting the condition Rabcd = 0 into the general
expression (9), we obtain
eR¯ = −eT + 2(eT νµν ),µ , (18)
or equivalently
R¯ = −T + 2T νµν ;µ . (19)
As we observe the Lagrangian density eR¯ of General
Relativity (that is the one calculated with the Levi-Civita
connection) differs from the torsion density −eT only by
a total derivative. Therefore, one can immediately de-
duce that the General Relativity action
SEH =
1
2κ2D
∫
M
dDx e R¯, (20)
is equivalent (up to boundary terms) to the action
S
(1)
Tel[e
a
µ, ω
a
bµ] = −
1
2κ2D
∫
M
dDx e T
= −
1
8κ2D
∫
M
dDx e
(
T abcTabc + 2T
abcTcba
−4T bab T
c
ca
)
(21)
(κ2D is the D-dimensional gravitational constant). In-
deed, varying (21) with respect to the vielbein we get
equations which contain up to eaµ,νλ, ω
a
bµ,ν , and im-
posing the teleparallel condition these equations coincide
with the Einstein field equations as they arise varying
(20) with respect to the metric [20].
If the Weitzenbo¨ck connection (13) is adopted, then
the teleparallel action (21) becomes a functional only
of the vielbein, which is denoted for clarity as S
(1)
tel [e
a
µ]
and has the same functional form as (21), but with tilde
quantities. Varying S
(1)
tel [e
a
µ] with respect to the viel-
bein gives again the Einstein field equations. That is
why the constructed theory in which one uses torsion
to describe the gravitational field, under the teleparal-
lelism condition, was named by Einstein as Teleparallel
Equivalent of General Relativity 1. Note that now T˜ still
remains diffeomorphism invariant, while the Lorentz in-
variance has been lost since we have chosen specific class
of frames. The equations of motion, being the Einstein
equations, are still Lorentz covariant. However, when T
in the action is replaced by a general function f(T ), the
new equations of motion under Lorentz rotations of the
vielbein will not be covariant (although they are form-
invariant). This is not a deficit (it is a sort of analogue of
gauge fixing in gauge theories), and the theory, although
not Lorentz covariant, is meaningful. Not all vielbeins
will be solutions of the new equations, and those which
solve the equations will determine the metric uniquely.
An interesting feature of the above analysis is that in
(19) the Lagrangian R¯ has been expressed in terms of tor-
sion through a splitting into the Lorentz and diffeomor-
phism invariant term −T , containing at most first order
derivatives in the fields eaµ, ω
a
bµ, plus a total divergence
also Lorentz and diffeomorphism invariant containing the
second order derivatives of eaµ. Note that the Riemann
1 The normalization of the actions S
(1)
Tel
, S
(1)
tel
has been defined
such that S
(1)
Tel
= S
(1)
tel
= SEH .
4tensor R¯µνρσ = Γ
µ
νσ,ρ−Γ
µ
νρ,σ+Γ
τ
νσΓ
µ
τρ−Γ
τ
νρΓ
µ
τσ is a
sum of the first-order in eaµ terms Γ
τ
νσΓ
µ
τρ −Γ
τ
νρΓ
µ
τσ,
plus the second-order total divergence terms Γµνσ,ρ −
Γµνρ,σ. A similar splitting occurs for the Lagrangian
density eR¯, known as the “gamma-gamma” form [21],
however in that case, the first-order terms as well as the
total divergence terms are not diffeomorphism invariant.
Hence, the teleparallel splitting provides an advantage
since the diffeomorphism invariance is maintained in the
separate terms.
B. Construction of TEGR in differential form
language
Let us now repeat the presentation of the previous
subsection in differential form language. We will need
the completely antisymmetric symbol ǫa1...aD , which has
ǫ1...D = 1, while the contravariant components ǫ
a1...aD =
ηa1b1 ...ηaDbDǫb1...bD have ǫ
1...D = −1. The dynamical
variables are the vielbein ea and the connection 1-forms
ωab, with ωab = −ωba due to the vanishing non-metricity.
One can express the commutation relations (1) in terms
of the dual vielbein as
dea = −
1
2
Cabce
b ∧ ec, (22)
where ∧ denotes the wedge product.
One can now define the torsion 2-form as
T a = dea + ωab ∧ e
b =
1
2
T abce
b ∧ ec, (23)
and the curvature 2-form as
Rab = dω
a
b + ω
a
c ∧ ω
c
b =
1
2
Rabcde
c ∧ ed. (24)
The curvature 2-form corresponding to Γab is denoted by
R¯ab. The arbitrary connection ω
a
b is then related to Γ
a
b
through the relation
Kab = −Kba = ωab − Γab = Kabce
c, (25)
where Kab is the contorsion 1-form. Inversely, one can
straightforwardly find that T a = Kab ∧ e
b. Finally, note
that under the Weitzenbo¨ck connection the previous re-
lation simplifies to
Γab = −K˜ab. (26)
The action of General Relativity is written in terms of
the connection Γab as
SEH =
1
2κ2D
∫
M
L¯1, (27)
where
L¯1 =
1
(D − 2)!
ǫa1...aDR¯
a1a2 ∧ea3 ∧ ...∧eaD = R¯∗1, (28)
with ∗ denoting the Hodge dual operator. If we now cal-
culate the Lagrangian L1 corresponding to the arbitrary
connection ωab, it is related to L¯1 through
(D − 2)!L1 = (D − 2)! L¯1
+d(ǫa1...aDK
a1a2 ∧ ea3 ∧ ... ∧ eaD )
+ǫa1...aDK
a1a2 ∧ d(ea3 ∧ ... ∧ eaD )
+ǫa1...aD (Γ
a1
c ∧ K
ca2 +Ka1c ∧ Γ
ca2
+Ka1c ∧K
ca2) ∧ ea3 ∧ ... ∧ eaD , (29)
which after some cancelations provides the analogue of
(9)
L1= L¯1 +
1
(D − 2)!
ǫa1...aDK
a1
c ∧ K
ca2 ∧ ea3 ∧ ... ∧ eaD
+
1
(D − 2)!
d(ǫa1...aDK
a1a2 ∧ ea3 ∧ ... ∧ eaD).(30)
Finally, imposing the teleparallel condition Rab = 0,
we get the analogue of (18)
L¯1=−T −
1
(D−2)!
d(ǫa1...aDK
a1a2 ∧ ea3 ∧ ... ∧ eaD),(31)
where
T =
1
(D − 2)!
ǫa1...aDK
a1
c ∧ K
ca2 ∧ ea3 ∧ ... ∧ eaD
= T e1 ∧ ... ∧ eD (32)
is the TEGR volume form, and
T = KabcKcba −K
ca
aK
b
cb (33)
the corresponding scalar. Ignoring the boundary term
in (31) we obtain again the teleparallel action (21) of
Einstein gravity
S
(1)
Tel = −
1
2κ2D
∫
M
T = −
1
2κ2D
∫
M
dDx e T . (34)
In order to obtain the above results it is much more
powerful to introduce the covariant exterior differential
D of the connection ωab acting on a set of p−forms Φ
a
b
as DΦab = dΦ
a
b +ω
a
c∧Φ
c
b− (−1)
pΦac ∧ω
c
b. Similarly, the
differential D¯ is defined for the connection Γab. Then,
Rab = R¯ab + D¯Kab + Kac ∧ K
cb, T a = Dea, DT a =
Rab ∧ e
b, DRab = 0, D
2Φab = R
a
c ∧Φ
c
b−Φ
a
c ∧R
c
b. Since
it is D¯ea = 0, we get immediately equation (30). This is
the method that will be followed in the next section.
III. CONSTRUCTION OF TELEPARALLEL
EQUIVALENT OF GAUSS-BONNET TERM
In this section we will construct the Teleparallel Equiv-
alent of the Gauss-Bonnet gravity. We will follow the
procedure of the construction of TEGR described above,
5based on the corresponding action. The central strat-
egy of the previous section was to express the curvature
scalar R corresponding to a general connection as the
curvature scalar R¯ corresponding to Levi-Civita connec-
tion, plus terms arising from the torsion tensor. Then,
by imposing the teleparallelism condition Rabcd = 0, we
acquire that R¯ is equal to a torsion scalar plus a total
derivative, namely relation (18). This torsion scalar pro-
vides the Teleparallel Equivalent of General Relativity,
in a sense that if one uses it as a Lagrangian, the same
exactly equations with General Relativity are obtained.
In this section we follow the same steps to re-express
the Gauss-Bonnet combination
G = R2 − 4RµνR
µν +RµνκλR
µνκλ. (35)
However, for convenience we will use the form language
which leads to simple expressions compared to the coor-
dinate description. The action of Gauss-Bonnet gravity
in terms of the Levi-Civita connection is
SGB =
1
2κ2D
∫
M
L¯2, (36)
where
L¯2 =
1
(D − 4)!
ǫa1...aDR¯
a1a2 ∧ R¯a3a4 ∧ ea5 ∧ ... ∧ eaD
= G¯ ∗1. (37)
The corresponding Lagrangian when R¯ab is replaced
by Rab, that is the one that corresponds to an arbitrary
connection ωab, is denoted by L2. The relation between
L2 and L¯2 is found to be
(D−4)!L2 = (D−4)! L¯2+I1+2I2+2I3+2I4+I5 , (38)
where
I1 = ǫa1...aDK
a1
c ∧ K
ca2 ∧ Ka3d ∧ K
da4 ∧ ea5 ∧ ... ∧ eaD
I2 = ǫa1...aDR¯
a1a2 ∧ Ka3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD
I3 = ǫa1...aDD¯K
a1a2 ∧ Ka3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD
I4 = ǫa1...aDD¯K
a1a2 ∧ R¯a3a4 ∧ ea5 ∧ ... ∧ eaD
I5 = ǫa1...aDD¯K
a1a2 ∧ D¯Ka3a4 ∧ ea5 ∧ ... ∧ eaD . (39)
I1 is an algebraic term quartic in torsion. Since D¯R¯
ab =
0 and D¯ea = 0, I4 is an exact form
I4 = d(ǫa1...aDK
a1a2 ∧ R¯a3a4 ∧ ea5 ∧ ... ∧ eaD ). (40)
Similarly, since D¯2Kab = R¯ac∧K
cb+ R¯bc∧K
ac, we have
I5 = 2ǫa1...aDK
a1a2 ∧ R¯a3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD
+d(ǫa1...aDK
a1a2 ∧ D¯Ka3a4 ∧ ea5 ∧ ... ∧ eaD ). (41)
Therefore,
(D − 4)!L2 = (D − 4)! L¯2 + I1 + 2I3 + 2I6 + dB , (42)
where
I6 = ǫa1...aDR¯
a1a2 ∧ Ka3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD
+ǫa1...aDK
a1a2 ∧ R¯a3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD
B = 2ǫa1...aDK
a1a2 ∧ R¯a3a4 ∧ ea5 ∧ ... ∧ eaD
+ǫa1...aDK
a1a2 ∧ D¯Ka3a4 ∧ ea5 ∧ ... ∧ eaD . (43)
Taking into account that R¯ab+ D¯Kab = Rab−Kac∧K
cb,
equation (42) is written as
(D − 4)!L2 = (D − 4)! L¯2 + 2J0 − I1 + 2J1 + dB , (44)
where
J0 = ǫa1...aDR
a1a2 ∧Ka3c ∧K
ca4 ∧ ea5 ∧ ... ∧ eaD
J1 = ǫa1...aDK
a1a2 ∧ R¯a3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD .
To finish, from the identity D¯Kab = DK
a
b − 2K
a
c ∧ K
c
b
we get R¯ab = R
a
b + K
a
c ∧ K
c
b −DK
a
b and substituting
into J1 we obtain
(D−4)!L2=(D−4)! L¯2+2(J0+Jˆ0)−I1+2J2−2J3+dB ,
(45)
where
J2 = ǫa1...aDK
a1a2 ∧ Ka3c ∧ K
c
d ∧ K
da4 ∧ ea5 ∧ ... ∧ eaD
J3 = ǫa1...aDK
a1a2 ∧DKa3c ∧ K
ca4∧ea5∧ ... ∧eaD
= ǫa1...aD(K
a1a2 ∧ dKa3c ∧K
ca4
+Ka1a2∧ωa3c∧K
c
d∧K
da4
+Ka1a2∧Ka3c∧ω
c
d∧K
da4
)
∧ea5∧ ... ∧eaD
Jˆ0 = ǫa1...aDK
a1a2 ∧Ra3c ∧ K
ca4 ∧ ea5 ∧ ... ∧ eaD .
In order to extract the teleparallel equivalent of GB
gravity we set Rab = 0 in (45) obtaining
L¯2 = TG −
1
(D − 4)!
dB , (46)
where
TG=
1
(D−4)!
ǫa1...aD
(
Ka1c∧K
ca2∧Ka3d∧K
da4
−2Ka1a2∧Ka3c∧K
c
d∧K
da4
+2Ka1a2∧DKa3c∧K
ca4
)
∧ea5∧ ... ∧eaD
= TG e
1 ∧ ... ∧ eD (47)
is the TEGB volume form. The corresponding scalar is
TG =
(
Ka1eaK
ea2
bK
a3
fcK
fa4
d − 2K
a1a2
aK
a3
ebK
e
fcK
fa4
d
+2Ka1a2aK
a3
ebK
ea4
fK
f
cd
+2Ka1a2aK
a3
ebK
ea4
c|d
)
δ a b c da1a2a3a4 . (48)
Here, DKab = dK
a
b + ω
a
c ∧ K
c
b + K
a
c ∧ ω
c
b = (K
a
bc|d +
1
2K
a
beT
e
dc)e
d ∧ ec, the covariant derivative of Kabc with
respect to ωabc is K
a
bc|d = K
a
bc,d+ω
a
edK
e
bc−ω
e
bdK
a
ec−
6ωecdK
a
be, the C
a
bc is given by equation (2), and the gen-
eralized δ is the determinant of the Kronecker deltas.
The analogue of equation (18) is now
e(R¯2−4R¯µνR¯
µν+R¯µνκλR¯
µνκλ)=eTG+total diverg.(49)
Obviously, TG is a Lorentz invariant made out of e
a, ωab.
Since in D = 4 dimensions the GB term L¯
(D=4)
2 is a
topological invariant, so must be T
(D=4)
G . Indeed, it is
T
(D=4)
G = d
(
32π2Π2 +B
)
, (50)
where
Π2 = −
1
8π2
ǫabcdn
a(εR¯bc ∧ D¯nd +
2
3
D¯nb ∧ D¯nc ∧ D¯nd)
(51)
is the second Chern form, na is a unit vector with nana =
ε = ±1, and L¯
(D=4)
2 = 32π
2dΠ2. Therefore, we have
constructed a new Lorentz invariant TG out of e
a, ωab,
containing quartic powers of the torsion tensor, which in
4 dimensions becomes a topological invariant.
Ignoring the boundary term B in (46) we obtain the
teleparallel action of Gauss-Bonnet gravity
S
(2)
Tel[e
a, ωab] =
1
2κ2D
∫
M
TG =
1
2κ2D
∫
M
dDx e TG . (52)
The action S
(2)
Tel[e
a
µ, ω
a
bµ] is diffeomorphism and Lorentz
invariant. Beyond eaµ, e
a
µ,ν , ω
a
bµ, which exist in S
(1)
Tel in
(21) too, in S
(2)
Tel there appear also e
a
µ,νλ, ω
a
bµ,ν , but in
a form such that the equations of motion do not contain
higher than second derivatives in eaµ, as expected from
the Gauss-Bonnet term.
Now, choosing the Weitzenbo¨ck connection ωabc = 0,
the action (52) becomes
S
(2)
tel =
1
2(D−4)!κ2D
∫
M
ǫa1...aD
(
Ka1c∧K
ca2∧Ka3d∧K
da4
−2Ka1a2∧Ka3c∧K
c
d∧K
da4
−2Ka1a2∧Ka3c∧dK
ca4
)
∧ea5∧...∧eaD.
(53)
Note that the tildes denoting the quantities correspond-
ing to the Weitzenbo¨ck connection are omitted for sim-
plicity. In coordinate language it is
S
(2)
tel =
1
2κ2D
∫
M
dDx e (Ka1eaK
ea2
bK
a3
fcK
fa4
d
−2Ka1a2aK
a3
ebK
e
fcK
fa4
d
+2Ka1a2aK
a3
ebK
ea4
fK
f
cd
+2Ka1a2aK
a3
ebK
ea4
c,d)δ
a b c d
a1a2a3a4
,(54)
where now
TG = (K
a1
eaK
ea2
bK
a3
fcK
fa4
d − 2K
a1a2
aK
a3
ebK
e
fcK
fa4
d
+2Ka1a2aK
a3
ebK
ea4
fK
f
cd
+2Ka1a2aK
a3
ebK
ea4
c,d)δ
a b c d
a1a2a3a4
. (55)
The action S
(2)
tel is a functional of e
a
µ, namely S
(2)
tel [e
a
µ],
and although TG in (55) contains e
a
µ,νλ, the arising equa-
tions of motion contain only eaµ,νλ and not higher deriva-
tives, as expected. The quantity TG in (55) is a diffeomor-
phism invariant containing quartic scalars of the torsion
(or contorsion) tensor. However, Lorentz invariance is
lost since preferred autoparallel orthonormal frames have
be chosen. As in Einstein gravity, this is not a deficit,
it is a sort of analogue of gauge fixing in gauge theories.
In four dimension, as the general TG of equation (48) is
a topological invariant, here TG of equation (55) is also
a topological invariant constructed out of torsion. This
is due to the fact that TG differs from the Gauss-Bonnet
term, which is topological in four dimensions, only by a
total derivative. Note that the normalization of the ac-
tions S
(2)
Tel, S
(2)
tel has been defined such that S
(2)
Tel = S
(2)
tel =
SGB. In case of Einstein-Gauss-Bonnet theory the total
action is SEGB = SEH + αSGB = S
(1)
tel + αS
(2)
tel , with α
the relevant coupling.
IV. F (T, TG) GRAVITY AND EQUATIONS OF
MOTION
In the previous section, we constructed a new quartic-
torsion invariant TG, arising from the Teleparallel Equiv-
alent of Gauss-Bonnet gravity. Therefore, in analogue
with the F (T ) gravitational modifications, we can for-
mulate new modified gravity theories in arbitrary dimen-
sions by considering general functions F (TG) in the ac-
tion. Obviously, since TG is quartic in torsion, F (TG)
cannot arise from any F (T ). Supplementing the pro-
posed class of modifications with the usual F (T ) term,
the total modified gravitational action takes the form
S =
1
2κ2D
∫
dDx eF (T, TG) , (56)
which is clearly different from F (R,G) gravity [7, 8, 22]
(for other constructions of actions including torsion see
[23, 24]). Obviously, the usual Einstein-Gauss-Bonnet
theory arises in the special case F (T, TG) = −T + αTG
(with α the Gauss-Bonnet coupling), while TEGR (that
is GR) is obtained for F (T, TG) = −T .
In the following, we will extract the equations of mo-
tion of F (T, TG) gravity by varying the action (56). Vari-
ation with respect to the vielbein gives
2κ2DδeS =
∫
dDx
(
eFT δeT + eFTGδeTG + Fδe
)
, (57)
where FT = ∂F/∂T , FTG = ∂F/∂TG. Since the variation
of δeTG is very complicated, we find it more convenient
to make the variations δeTG and δeT using forms. In
particular, we have
2κ2DδeS =
∫ (
FT δeT + FTGδeTG
)
+
∫
dDx
(
F − TFT − TGFTG
)
δe. (58)
7Let ivϕ denote the inner derivative of a p-form ϕ =
1
p!ϕa1...ape
a1 ∧ ... ∧ eap with respect to the vector field
v = vaea, i.e. for any p − 1 vector fields v1, ..., vp−1,
it holds (ivϕ)(v1, ..., vp−1) = ϕ(v, v1, ..., vp−1). We are
interested in combining this definition with variations.
An immediate property is
ieaδe
b + iδeae
b = 0 , (59)
which arises from the equations δea = e µb δe
a
µe
b , δea =
ebµδe
µ
a eb , ieaδe
b = e µa δe
b
µ and iδeae
b = ebµδe
µ
a . Using
the definition (23) of the torsion, equation (59), the lin-
earity of ivϕ in both v, ϕ, and the relations ivd + div =
£v, iv(ϕ ∧ ψ) = ivϕ ∧ ψ + (−1)
pϕ ∧ ivψ, we can find
δe(ieaT
b) = £eaδe
b+£δeae
b+ ieaω
b
c ∧ δe
c+ iδeaω
b
c ∧ e
c,
(60)
where £ denotes the Lie derivative.
The use of Lie derivative proves very convenient for the
variation procedure. In particular, we use the identity
v(α(w)) = (£vα)(w) + α(£vw), where α is 1-form and
v, w are vector fields, once for v = δea, w = ec, α = e
b
to find (£δeae
b)(ec) = e
b(£ecδea), and once for v = ec,
w = δea, α = e
b to find eb(£ecδea) = ec(e
b(δea)) −
(£ece
b)(δea). Therefore, we obtain
£δeae
b = £ec(e
b(δea))e
c + Cbcde
d(δea)e
c . (61)
Thus, the quantity appearing in (60) becomes
δe(ieaT
b) = £eaδe
b +£ec(e
b(δea))e
c + Cbcde
d(δea)e
c
+ωbcaδe
c + ωbcde
d(δea)e
c . (62)
Additionally, we also need to evaluate the quantity
δe(ieaiebT
c). Using the definition (23) of the torsion,
equation (59), the linearity of ivϕ in both v, ϕ, equations
ivf = 0 (f 0-form), iv(ϕ ∧ ψ) = ivϕ ∧ ψ + (−1)
pϕ ∧ ivψ,
and the relations ivd + div = £v, £viw − iw£v = i[v,w]
to transfer the operators d,£ on the left, we can find
δe(iea iebT
c) = i[ea,eb]δe
c + i[ea,δeb]e
c − i[eb,δea]e
c
+(iebω
c
d)(ieaδe
d)− (ieaω
c
d)(iebδe
d)
+2ωc[ad]e
d(δeb)− 2ω
c
[bd]e
d(δea) , (63)
where the (anti)symmetrization symbol contains the fac-
tor 1/2. Applying the identity v(α(w)) = (£vα)(w) +
α(£vw) for v = ea, w = δeb, α = e
c, and since
i[ea,δeb]e
c = ec(£eaδeb), we find
i[ea,δeb]e
c = £ea(e
c(δeb)) + C
c
ade
d(δeb) . (64)
Finally, using (59), we acquire
δe(iea iebT
c) =£ea(e
c(δeb))−£eb(e
c(δea))
+Ccade
d(δeb)− C
c
bde
d(δea)− C
d
abe
c(δed)
+ωcade
d(δeb)− ω
c
bde
d(δea) . (65)
Now, the contorsion 1-form can be written as
2Kab = ieaTb − iebTa − (iea iebTc)e
c , (66)
therefore we obtain
2δeKab = δeieaTb − δeiebTa − δe(iea iebTc)e
c − Tcbaδe
c .
(67)
Using (62) and (65) we get
2δeKab =£eaδeb−£ebδea+£ec(iebδea)e
c−£ec(ieaδeb)e
c
+£ea(iebδec)e
c−£eb(ieaδec)e
c−Cdab(iedδec)e
c
+2C(ac)d(iebδe
d)ec−2C(bc)d(ieaδe
d)ec+Tcabδe
c
+2ωc[ab]δe
c , (68)
where ea = ηabe
b are 1-forms and eb(δea) = −ieaδeb.
Varying T , TG from (32) and (47), and due to the fact
that ieaδe
a = −eaµδe
µ
a =
δe
e
, the variation (58) of the
action becomes
2κ2DδeS =
∫ (
2δeKab ∧H
ab + ha ∧ δe
a
)
+
∫ (
F−TFT−TGFTG
)
(ieaδe
a)e1∧ ... ∧eD,(69)
where
Hab=
FT
(D−2)!
ǫaa1...aD−1K
ba1ea2 ...eaD−1
+
FTG
(D−4)!
(
2ǫaa1...aD−1K
ba1Ka2cK
ca3ea4 ...eaD−1
+ǫa1...aDK
aa1Kba2Ka3a4ea5 ...eaD
−ǫaba1...aD−2K
a1
cK
c
dK
da2ea3 ...eaD−2
+ǫaba1...aD−2DK
a1
cK
ca2ea3 ...eaD−2
+ǫaa1...aD−1DK
ba1Ka2a3ea4 ...eaD−1
)
−
1
(D−4)!
ǫaa1...aD−1D(FTGK
ba1Ka2a3ea4 ...eaD−1)(70)
and
ha=
FT
(D−3)!
ǫa1...aD−1aK
a1
cK
ca2ea3 ...eaD−1
+
FTG
(D−5)!
ǫa1...aD−1a
(
Ka1cK
ca2Ka3dK
da4
−2Ka1a2Ka3cK
c
dK
da4
+2Ka1a2DKa3cK
ca4
)
ea5 ...eaD−1 .(71)
The quantities Hab, ha are D − 1 forms and the ∧ sym-
bols between Kab and ea are omitted for safety of space.
Moreover, boundary terms have been omitted too. The
above relations hold for D > 4, while for D = 4 all terms
exist too, apart from the term containing (D− 5)! in ha,
which is absent.
Now, we plague expression (68) in the variation (69),
and after use of the identity £ea = iead + diea and
the obvious equations ieb(£ec(e
c ∧ H [ab]) ∧ δea) = 0,
ieb(£ea (e
c∧H [ab])∧δec) = 0, ied(C
d
abe
c∧Hab∧δec) = 0,
ieb(C(ac)de
c ∧ Hab ∧ δed) = 0, we obtain (omitting the
8boundary terms)
2κ2DδeS =
∫
δea
[
2£ebH
[ab]−2ieb£ec(e
cH [ab]+eaH [cb])
−Cdcbied(e
aHcb)+4C a(dc) ieb(e
cH [db])+(T abc+2ω
a
[bc])H
bc
−(−1)Dha+(F−TFT−TGFTG)ϑ
a
]
,(72)
where ϑa = iea(e
1 ∧ ... ∧ eD). Thus, setting δeS = 0 we
get the equations of motion for F (T, TG) gravity
2£ebH
[ab]−2ieb£ec(e
cH [ab]+eaH [cb])−Cdcb ied(e
aHcb)
+4C a(dc) ieb(e
cH [db])+(T abc+2ω
a
[bc])H
bc−(−1)Dha
+(F−TFT−TGFTG)ϑ
a = 0 . (73)
The set ϑa forms a basis in the subspace of D− 1 forms,
therefore Hab, ha can be expressed in components as
Hab = Habcϑc , h
a = habϑb . (74)
Hence, the equations of motion (73) for F (T, TG) gravity
is written in components as
2(H [ac]b+H [ba]c−H [cb]a),c+2(H
[ac]b+H [ba]c−H [cb]a)Cddc
+(2H [ac]d+Hdca)Cbcd+4H
[db]cC a(dc) +(T
a
cd+2ω
a
[cd])H
cdb
−(−1)Dhab+(F−TFT−TGFTG)η
ab = 0 . (75)
Focusing to the most interesting case of four dimen-
sions we can re-write the expressions for Hab and ha as
Hab=
FT
2
ǫacdfK
bcedef − ǫacdfD(FTGK
bcKdf )
+FTG
(
2ǫacdfK
bcKdqK
qf + ǫcdfqK
acKbdKfq
−ǫabcdK
c
fK
f
qK
qd + ǫabcdDK
c
fK
fd
+ǫacdfDK
b
cK
df
)
(76)
and
ha=−FT ǫabcdK
b
fK
fced . (77)
Since ea ∧ eb ∧ ec = ǫabcdϑd, e
a ∧ eb = − 12ǫ
abcdϑcd, where
ϑab = iebϑa, the above expressions become
Habc = FT (η
acKbdd −K
bca) + FTG
[
ǫcprt
(
2ǫadkfK
bk
pK
d
qr+ǫqdkfK
ak
pK
bd
r+ǫ
ab
kfK
k
dpK
d
qr
)
Kqft
+ǫcprtǫabkdK
fd
p
(
Kkfr,t−
1
2
KkfqC
q
tr+ω
k
qtK
q
fr+ω
q
frK
k
qt
)
+ǫcprtǫakdfK
df
p
(
Kbkr,t−
1
2
KbkqC
q
tr+ω
b
qtK
q
kr+ω
q
krK
b
qt
)]
+FTGǫ
cprtǫakdf
[ 1
FTG
(
FTGK
bk
pK
df
r
)
,t
+CqptK
bk
[qK
df
r]
+(ωbqpK
qk
r+ω
k
qpK
bq
r)K
df
t+(ω
d
qpK
qf
t+ω
f
qpK
dq
t)K
bk
r
]
(78)
hab = FT ǫ
a
kcdǫ
bpqdKkfpK
fc
q . (79)
Choosing additionally the Weitzenbo¨ck connection
ωabc = 0, for D = 4 we finally obtain
2(H [ac]b+H [ba]c−H [cb]a),c+2(H
[ac]b+H [ba]c−H [cb]a)Cddc
+(2H [ac]d+Hdca)Cbcd+4H
[db]cC a(dc) +T
a
cdH
cdb − hab
+(F−TFT−TGFTG)η
ab = 0 , (80)
where
Habc = FT (η
acKbdd −K
bca) + FTG
[
ǫcprt
(
2ǫadkfK
bk
pK
d
qr+ǫqdkfK
ak
pK
bd
r+ǫ
ab
kfK
k
dpK
d
qr
)
Kqft
+ǫcprtǫabkdK
fd
p
(
Kkfr,t−
1
2
KkfqC
q
tr
)
+ǫcprtǫakdfK
df
p
(
Kbkr,t−
1
2
KbkqC
q
tr
)]
+ǫcprtǫakdf
[(
FTGK
bk
pK
df
r
)
,t
+FTGC
q
ptK
bk
[qK
df
r]
]
(81)
and
hab = FT ǫ
a
kcdǫ
bpqdKkfpK
fc
q . (82)
Equations (80) are the equations of motion for
F (T, TG) gravity in four dimensions, for a general viel-
bein (or equivalently for a general metric) choice. For
specific cases, such as the homogeneous and isotropic
Friedmann-Robertson-Walker and the spherically sym-
metric geometries, the above equations are significantly
simplified. Thus, one can straightforwardly investigate
the application of F (T, TG) gravity in a cosmological
framework. Since this study lies beyond the scope of
the present work, it is left for a separate project [25].
V. CONCLUSIONS
Inspired by the teleparallel formulation of General Rel-
ativity, whose Lagrangian is the torsion invariant T , we
have constructed the teleparallel equivalent of Gauss-
Bonnet gravity in arbitrary dimensions. Implement-
ing the teleparallel condition, but without imposing the
Weitzenbo¨ck connection, we have extracted the torsion
invariant TG, equivalent (up to boundary terms) to the
Gauss-Bonnet term G. TG is made out of the vielbein
ea and the connection ωab, it contains quartic powers of
the torsion tensor, and it is diffeomorphism and Lorentz
invariant. In four dimensions it reduces to a topological
invariant, as expected. Imposing the Weitzenbo¨ck con-
nection, a simpler form for TG arises containing only the
vielbein. This allows us to define a new class of modified
gravity theories based on F (T, TG), which is not spanned
by the class of F (T ) theories. Moreover, it is also distinct
from the F (R,G) class. Hence, F (T, TG) theory is a novel
class of modified gravity. Finally, varying the action with
respect to the vielbein, we extracted the equations of mo-
tion for a general vielbein (metric) choice. Since F (T, TG)
gravity is a new modified gravitational theory, it would
be interesting to study its cosmological applications, and
this is performed in a separate publication [25].
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